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Abstract. We prove that the Genocchi numbers of first and second kind give 
the cardinality of certain segments in permutation spaces Sn with respect to 
the £i-distance. Experimental data suggests that those segments have maximal 
cardinality among all segments in the corresponding spaces. 
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1. Introduction 

^ ' For a positive integer n let ©„ be the group of permutations of [n] = {1, 2, . . . , n}. 

Zy^ , We define a distance D on 6„ by 

f^ , This distance is right invariant: D{uw,vw) — D{u,v) for every u,v,'w G ©„. For 

Cn ' u G ©„, the segment [id,M] is the set 

[id, u] = {w e 6„ I L'(id, v) + D{v, u) = D{id, u)} . 

Then v G [id, u] if and only if 

(1.1) min(i,u(i)) ^ v{i) ^ niax(i, -({(i)) 

for all i = 1, 2, . . . , n. Experimental data suggests that the maximal cardinality of 
a segment [id, u] in S„ is attained for 

{(to+1 rn+2 . . . 2m 12... ?7i) , if n = 2m 
(m+1 TO+2 . . . 2m+l 12... to) , if n = 2to+1 

For example, wi = (1), W2 = (21), W3 = (231), W4 = (3412), W5 = (34512), .... 

The sequence #[id,M;„] starts with 1, 2, 3, 8, 17, 56, 155, 608, 2073, 9440, ... 
and a search on the Online Encyclopedia of Integer Sequences (at oeis.org) shows 
a match with the sequence "A099960: An interleaving of the Genocchi numbers 
of the first and second kind," from the fourth term on. The goal of this article is 
to give a bijective proof of this characterization of #[id, Wn], the cardinality of the 
segment [id, Wn] ■ 
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2. Genocchi Numbers 



The Genocchi numbers have combinatorial descriptions in terms of Dumont per- 
mutations. The Genocchi number of the first kind G2n+2 is the cardinahty of the 
set i?2n of permutations tt € ©211 such that 

(2.1) 7r(2i) < 2i < 7r(2i-l) 

for all i = l,...,n. ( }BD81] . |Dum74) ). Note that 7r(2n-l) = 2n for aU tt e S2„. 
For example, Ge = 3 is the cardinality of 

£4 = {(2143), (3142), (3241)}. 

The Genocchi median (or number of the second kind) H2n+i is the cardinality 
of the set C2n of permutations tt G &2n such that 

(2.2) 7r(2i) < 2i < 7r(2i-l) 

for i = 1, . . . ,n. ([DR94])- Note that 7r(2) = 1 and 7r(2n-l) ^ 2n for aU tt e C2„. 
For example, Hf = 8 is the cardinality of 

Ce = {(415263), (315263), (314265), (514263), 
(215364), (214365), (415362), (514362)} 

We prove that #[id, W2m] = H2m+3 and #[id, W2m+i] = G2m+i by estabhshing 
explicit bijections between [id, W2m] and C2m+2 and between [id, W2m+i] and B2m+2- 

3. Cardinality of Segments 

The main results and their proofs are similar. We start with the case n = 2TO-t-l. 
Define p: 62™+! -^ &2rn+2 by 

p{u) = (u(l) u(2) . . . u(2m) 2m + 2 u{2m+l)) 

In other words, p inserts the value 2to-|- 2 between on position 2m + 1 and shifts the 
last position to the right by one space. For example, if m = 1 and u = (231) G 63, 
then p{u) = (2341) G S4. 

Theorem 3.1. Define the function g: &2m+i -^ &2m+2 by g{u) = p{au~^ /3~^) , 
where a = (13 ... 2to+1 2 4 ... 2m) and /3 = (2 4 ... 2m2m + 113 ... 2m- 1). 
Then 

U G [id,li;2m+l] <^=^ giu) G -B2m+2 . 

Proof. Let u G &2m+i- Then 

g{u){2m+l) = 2m+2 

g{u){2m + 2) = au^'^ /3^^{2m + l) s^ 2m+l , 

hence conditions (|2.ip are satisfied by all g{u) for i = m + 1. The value m + 1 can 
occur on any position of a permutation u G [id, W2m+i]- 
Let 1 ^ i ^ m. Then 

g{u){2i) = p{au-^(3-^){2i) = a{u-\l3-\2i))) = a{u-'^{i)) . 

Then the condition g{u){2i) ^ 2i is equivalent to 

u^^{i) G [l,i] U [m+2,m+i + l] , 
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and that is the condition for the value i to occur in m on a position that satisfies 
condition ()f .fp for id and W2m+i- Similarly, 

g{u)(2i^l) = p(au-i/3-i)(2i-l) = a{u-\l3-'^{2i-l))) = a{u-'^{i + m+l)) . 

Then the condition g(u)(2i — 1) ^ 2i is equivalent to 

u^^{i + m + l) e [i,ni + l] U [m + i + l,2m+l] , 

and that is the condition for the value i + m + 1 to occur in u on a position that 
satisfies condition (If .ip for id and W2m+i- 

To summarize: g{u) satisfies conditions (|2.fp for positions f , 2, . . . , 2m if and only 
if u satisfies (|f .fp for values f , 2, . . . , m, m + 2, . . . , 2m. Since g{u) always satisfies 
(|2.fp for positions 2m+l,2m+2 and u always satisfies (jl.fp for the value m+1, the 
equivalence is established and the proof is complete. D 

Corollary 3.2. The cardinality of the ^i-segment [id, W2m+i] is G2m+4- 

Proof. The function g induces a bijection from [id, ti;2m+i] to B2m+2- D 

Example 3.3. For m = f we have w^ = (23f ) and 

[(123),(23f)] = {(f23),(f32),(23f)} 

and 

^4 = {(2143), (3142), (324f)}. 

The function u -^ p((132)m-1(312)) sends (123) to (2143), (132) to (3142), and 
(231) to (3241), establishing a bijection between [(123), (231)] and B^. 

The case n = 2m is very similar. Define 77: &2m ~^ &2m+2 by 

ry(u) = (w(l) + l 1 u(2) + l . . . ■u(2m-l) + l 2to+2 u(2m) + l) 

Explicitly, 77 inserts the value 1 on the second position, 2to + 2 on position 2m + l, 
increases the other values by 1 and shifts them to fill the remaining positions. For 
example, 77((2413)) = (315264). 

Theorem 3.4. Define the function h: &2m — ^ &2m+2 by h{u) = r]{au~^/3~^) 
where a = (13 ... 2m-l 2 4 ... 2to), /3 = (3 5 ... 2to-112to2 4 ... 2m-2). Then 

U e [id, W2rn] <S=^ h{u) G C2rn+2 ■ 

Proof. Let u G &2m. Then 

h{u){l) = au-^(3'^{l) + 1 = a{u^\m)) + 1 > 2 

h{u){2) = 1 < 2 

h{u){2m+l) = 2m+2 > 2(m+l) 

h{u){2m + 2) = au"V"^(2m) + 1 = a{u~^{m+l)) + l < 2m + 2 , 

hence conditions (12.21) are satisfied by all h{u) for i = 1 and i = m+1. The values 
m and m,+ l can occur on any position of a permutation u G [id, W2rn\- 
Let 2 ^ i < m. Then 

h{u){2i) = ri{au-'^l3-'^){2i) = a{u'\p-\2i-l))) + 1 = a{u-\i-l)) + 1 . 

Then the condition h{u){2i) < 2i is equivalent to 

-u"^(i-l) G [l,i-l] U [m+l,m+i-l] , 
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and that is the condition for the value i— 1 to occur in u on a position that satisfies 
condition ()1.1|) for id and W2m- Similarly, 

h{u){2i~l) = Tj{au~'^l3-'^){2i-l) = a(M-^(/3-i(2i-2))) + 1 = a{u-\i + m)) + 1 . 

Then the condition h{u){2i) ^ 2i is equivalent to 

u~ (i+m) G [i,m] U [ni+i,2m] , 

and that is the condition for the value i + m to occur in u on a position that satisfies 
condition (jl.ip for id and W2m- 

To summarize: h(u) satisfies conditions (12. 2p for positions 3,4,..., 2m if and 
only if u satisfies (jl.ip for values 1,2,... , to— 1, to + 2, . . . , 2m,. Since h{u) always 
satisfies (|2.2p for positions 1, 2, 2to+1, 2to+2 and u always satisfies (II. 1|) for values 
m,m+l, the equivalence is established and the proof is complete. D 

Corollary 3.5. The cardinality of the ^i-segment [id, W2m] is H2m+3- 

Proof. The function h induces a bijection from [id,W2m] to C2m+2- D 

Example 3.6. For ?ti = 2 we have wa — (3412) and 

[(1234), (3412)] = {(1234), (1324), (1423), (1432), 
(2314), (2413), (3214), (3412)}. 

The function u -^ 77((1324)m-1(2413)) sends the permutations in [(1234), (3412)] to 
the corresponding permutations in 

Ce = {(415263), (315263), (314265), (514263), 

(215364), (214365), (415362), (514362)} 
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